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Models for the scalar probability density function (pdf) have to be developed to achieve closure of turbulent
transport equations for mixing and reacting flows. The best statistical bounds on a number of moments for tvvo-
and three-species flows have been derived and used to construct and test a delta function "typical eddy" pdf
model. If has been proven that for two species a rational pdf composed only of delta functions can always be
constructed at any point within the statistically valid moment space. The delta function model and a canonical
pdf model have been directly compared to experimental pdf measurements and both models show good
agreement for higher-order moments, but the delta function model is simpler to construct and is recommended
for closure of the transport equations for mixing flows.

Nomenclature
A,An = coefficients of canonical probability density

function
p = pressure
P,P2,PX = probability functions
R = universal gas constant
T - temperature
u = flow velocity
Wa, W&, W^ = molecular weights of species
jc = coordinate in flow direction
y = coordinate normal to flow direction
a, & 7 = species mass fractions
ct3 = model parameter
6 ( a-\) = delta function located at a = X
A =\-(W&/Wot)
e, = cell sizes in "typical eddy" model
K = model parameter
X = arbitrary constant
p = density
p* = normalized density
\l/ = variable

Introduction

M IXING and chemical reactions under turbulent flow
conditions are a basic feature of the energy release

processes in gas turbine combustors and other propulsion and
combustion systems. Any predictive modeling of the flowfield
has to properly account for the effects of the turbulence of the
flow and its interactions with various physical and chemical
processes. There are significant interaction effects of the
turbulence on combustion and of the combustion on the
turbulence, which are important in determining combustion
efficiency, pollutant formation, combustion noise, heat trans-
fer, etc. Second-order closure modeling of turbulent flows
provides a convenient framework for studying these in-
teractions and holds promise of providing a reliable predictive
computational tool for the design of new systems and im-
provement of existing combustion systems.

The presence of finite-rate chemical reactions in a turbulent
flow introduces the problem of proper modeling of many
higher-order correlations involving scalar variables such as
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concentration, density, and temperature. The transport
equations for the mean variables and the second-order
correlations are solved in a second-order closure procedure
and these equations, especially the chemical reaction source
terms, contain many third- and higher-order correlations,
such as OL2&, p2ct, kpa, etc. These correlations have to be
modeled in terms of the lower-order moments to close the
system of transport equations. A convenient procedure for
modeling these scalar correlations is to model or calculate the
probability density function (pdf) for the scalars. 1~7

This paper discusses the statistical behavior of scalar
variables in turbulent flows. Constraints on two- and three-
species systems have been derived. Two proposed models for
the pdf, that is, the A.R.A.P. delta function "typical eddy"
model4 and Pope's canonical pdf model,6 are compared to
experimental measurements of the pdf in a two-species mixing
layer.

Statistical Constraints on Correlations
Basic statistical principles, such as the Cauchy-Schwarz

inequality, Jensen's inequality, Tchebychev's inequality, etc.,
can be used to develop the set of tightest constraint conditions
on correlations of various variables in a turbulent flowfield.
The procedure is quite general and can be applied to both
scalar and vector variables. At the present time, however, we
are mainly interested in developing the constraints for the
scalar correlations—specifically those for the species mass
fractions (and molar fractions) and density variables. These
constraints however, are also applicable to other variables.
The mass and molar fractions have upper and lower bounds
on moments of all orders, and these are shown later. Both the
even and odd moments of the thermodynamic variables (p, T)
have the same lower bounds as the mass fractions. In general,
the upper bound is infinity, unless a physical constraint is
used in the specific problem. The moments of the velocity
components have the same lower bounds but only for the even
moments.

The constraint conditions are useful in a number of ways in
a second-order closure calculation procedure. Two important
uses are in checking'realizability and in model development.

Realizability
The statistical constraints on first- and second-order

correlations are important in the question of readability of
second-order closure turbulence models. A number of recent
papers8"12 have investigated some aspects of this problem.
The lower-order moments are calculated by the solution of a
set of modeled partial-differential equations. It is possible
that the modeled equations may not have solutions that are
consistent with the independently derived statistical con-
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straints. This will require suitable modifications of the models
used in the equations. Furthermore, it is necessary to insure
that the initial conditions for the equations are within the
allowed moment space.

Development of pdf Model
The constraints on third- and higher-order moments are

useful in formulating closure models for these correlations. A
popular closure approach is to construct the pdf for the scalar
variables. The constraints on the correlations define the entire
statistically allowed region, and the pdf model should be
checked for validity in this entire space. As will be shown
later, the constraints are also useful in determining model-
parameter sensitivity and the error bounds of the model, and
in comparing the performance of alternate pdf models.

Statistical Constraints for Two Species
Consider a two-species flow at constant pressure and

temperature, a. and $ are the mass fractions of the species.
Assume Wa > W&. p* is a normalized density,

— — — given a

define

' = T'=0

0<A<7

I.Oi-

.4 .6 .8 l .O
a

Fig. 1 Comparison of the statistical bounds on <r* for specified
lower-order moments.

The tightest constraints have been derived using basic
statistical theorems.13'14 The results are summarized below.

(1)

(2)6i2 <oP <a

We note that the domain defined by Eq. (2) is significantly
tighter than the one obtained by du Vachat.9 No legitimate
pdf can be constructed over the entire domain calculated in
Ref. 9. The bounds on cP for given d: and cP are

The bounds on c? if only a is specified are

d 5 <Qp<a (4)

The constraints on p*a for given a and cP are

a
a —Act2

1 q(7-a)-A(o;-Qp)
7-A (l-ct)-A(ot-o?) (5)

For a two-species system, the complete set of constraints on
all moments up to the third-order has been obtained as a
function of prescribed lower-order moments. The results
show that the higher-order moments are tightly constrained
when the lower-order moments are specified. The nature of
the constraints can be illustrated by comparing the bounds on
op given by Eqs. (3) and (4), as shown in Fig. 1. The dotted
lines are the bounds on op for given d. For given d, we now
pick oP at the middle of its allowed range, oP = (a! + aP)/2.
The solid lines indicate the bounds on a3 for specified ot and
op. The important point to be noted is that the bounds on op
when two lower-order moments are specified are significantly
narrower than the bounds when only one lower-order moment
is specified. If the two lower-order moments are known, the
constraints on oP are sufficiently tight to enable us to make a
good estimate of its value. This has important implications
with regard to the modeling of the scalar pdf, as discussed
later in this paper.

Another property of the statistical bounds of importance in
modeling is that extremum values of the statistical bounds can

only be realized by discrete pdfs, that is, pdf's composed of
delta functions. Delta functions are, thus, a necessary
component of pdf's. Continuous pdf's alone cannot be valid
over the entire moment space. Consider the bounds on op. At
the upper bound, cP = a:, and the pdf corresponds to two
delta functions located at a. = 0 and 1,

P(a) = (l-a)d(a)+ad(ot-l) (6)

At the lower bound, cr2 = oP, and the pdf can be shown to
be

P(a)=d(a-6t) (7)

A popular model for the pdf is a clipped Gaussian.2 For
small fluctuations, this model does approach the limiting pdf
corresponding to the lower bound on cP. However, it cannot
attain the upper-bound pdf corresponding to maximal
fluctuations. Ideally, a pdf composed of delta functions and
continuous functions will be desirable. We have demonstrated
however, that a pdf composed of delta functions alone can
always be constructed at every point in the statistically valid
moment space. This pdf is simpler to construct than other
proposed pdf models, and we will show that it provides
sufficient accuracy for closure of the transport equations for
turbulent mixing flows of two species.

Statistical Constraints for Three Species
The calculation of the complete set of the bounds for a

three-species system becomes very complicated after the first
few moments. We have obtained the bounds on some of the
species moments of interest in simple reacting flow problems.
The results are briefly described below with further discussion
available in Refs. 15 and 16. Consider a three-species flow
with constant pressure and temperature, a, ft and 7 represent
the mass fractions of the species.

Given a and /3
The bounds on second- and third-order correlations given

the first-order correlations have been derived. For a three-
species system, the allowed phase space region for the pdf is a
triangle, as shown in Figs. 2a-c. The specification of a and ft



AUGUST 1981 STATISTICAL CONSTRAINTS ON SCALAR CORRELATIONS 1043

c)

Fig. 2 pdf's for extremum values of second-order moments for
specified a and 0.

Fig. 3 Statistical constraints on second and third moments for
specified ct and /3 in a three-species flow.

corresponds to defining the location of the centroid. The
bounds on op and ~£P are

a.2 <d (8)

(9)

Pdf's can be constructed (see Figs. 2a and 2b) that attain
these extremum values, and therefore, the above represent the
best bounds on the second-order moments. In these figures^
the mass locations are depicted by stars. The bounds on a/3
are

(10)

The upper bound on a/3 (Fig. 2c) is believed to be new and
has been confirmed by the method of induction considering
an arbitrarily large number of point masses.16 The bounds on
a/32 are the smaller of the following three

0<a/32<d/3/(d + j

0<a/32 <d-

(11)

The best bounds on the correlations in (d,/3) space are
shown in Fig. 3. It should be noted that very small regions of
the unit cube are allowed.

Given d, 0, and a2

We have also determined the allowed regions for /P, a 0 ,
and a/32 in cP space for specified a and /3. The independent

5!,|8 ':
3, /5=.4

a 2 , /? 2 a ( l - / 3 ) , / 3 2

Fig. 4 Statistical bounds on
three-species system.

and <p for specified a and /9 in a

bounds on cP and /P [Eqs. (9) and (10)] define a rectangle in
(a7, /P) space. However, there are regions within the rec-
tangle that must be excluded due to the specification of one of
the moments. For example, if cP is minimal, /P</3(1-
d) </5. Details of the proofs are available in Ref. 16. Figure 4
shows the results for the bounds in (cP, /P) space for two sets
of values of d and /3. The connecting curves between the
allowed points on the boundaries have been determined by
considering a series of pdf's consisting of two delta functions
located on the sides of the triangle. Some of the curves still
have to be calculated, but their expected behavior is shown by
dotted lines. We believe that these represent the best bounds
on the moments, but a general proof for all mass distributions
is not yet available. Figures 5 and 6 show the corresponding
results for the allowed regions in (cP, a/3) and (cP, a ft 2 )
space. As in the case of the bounds on the third moment for a
two-species system, the important feature to note here is the
tightness of the constraints. For specified lower-order
moments, d, /3 and cP, a/32 has a maximum value of order
0.1. For three species we have not yet investigated the con-
straints when second-order moments involving the density are
also specified, but this will lead to further tightening of the
bounds on the third- order moments of interest.

Models for Probability Distribution Functions
The A.R.A.P. delta function "typical eddy" pdf model and

a canonical continuous function pdf model6 have been
directly compared to experimental measurements. The two
pdf models are briefly described below. We will attempt to
demonstrate that the delta function model provides sufficient
accuracy for closure of the transport equations for turbulent
mixing flows. The results obtained from the two models are
quite comparable, but the delta function model is simpler to
construct than the canonical model.

"Typical Eddy" pdf Model
The "typical eddy" model is an attempt to construct the

joint pdf for the scalar variables by using all the available
information from a second-order closure analysis. The model
may consist of combinations of delta functions and con-
tinuous functions, but, for the present, we have studied a
model composed only of delta functions. The pdf model
structure is assumed, and the model parameters are deter-
mined by matching the moments of the model to the values of
the correlations obtained from the solution of the transport
equations. The procedure is detailed in Refs. 4 and 14.
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Fig. 5 Statistical bounds on a£ and cP for specified d and 0 in a
three-species system.

Variable density flow

available moments

1, a, a2 , yo~a, p2

a 13
13

a = a3

(B

OL-K

Constant density flow

available moments

I, a, a2

(3

o a3 K i u o a i u

Fig. 7 Delta function "typical eddy" model structures for two-
species flows.

a=.3,/3=.4

Fig. 6 Statistical bounds on ct{32 and op for specified d and $ in a
three-species system.

The delta function ''typical eddy" models for two-species
flows are shown in Fig. 7. For constant density flows, the
model has three delta functions, while for variable density
flows the model consists of four delta functions. The e, are
probabilities of occurrence of the indicated species mixtures.
The model has one free parameter, ct3. We have demon-
strated 14 that the allowed range of a3 corresponds directly to
the statistical bounds on the third-order moments. With the
parameter a3 selected at any point within its allowed range,
we have also shown that a physically correct pdf model
(positive strength delta functions with locations between 0 and
1) can be constructed at every point in the statistically valid
moment space.

Canonical pdf Model
Pope6 has proposed a general model for joint pdf's of

scalar variables that is based on the concept of maximizing the
entropy of information. If the first X moments of the pdf are
known, then the most likely value of the pdf Px (\l/) is

(12)
n = 0

The X + l coefficients An are presumably uniquely deter-
mined from the X moments and the condition that P integrates
to unity.

For second-order closure of constant density flows, the
canonical model has the form

P2(a)=exp(A0+AJa+A2a2) (13)

where A0, A19 and A2 are determined from values of the
moments 1, a, and oP. The construction of the model requires
a two-dimensional parameter search involving integral
relations. For variable density flows, the second-order closure
procedure provides information on five moments—1, d, oP,
p#a, p1*—and the construction of the canonical model will
involve a four-dimensional search for the parameters. This is
conceptually straightforward but requires a significant
computational effort and is quite a bit more complicated than
the construction of the delta function model which involves
the solution of algebraic equations. The comparisons of the
two pdf models will be limited to constant density flows.

Comparison of pdf Models with Experiments
Konrad17 has made a series of detailed measurements of the

pdf in low-speed, constant and variable-density shear layer
flows of two species. The measurements consist of mean
velocity, mean concentration, concentration fluctuation
correlations, species intermittency functions, and the species
pdf's. The latter two measurement parameters are used for
the direct pdf model comparisons.

The pdf measurements of Konrad are used to determine the
values of the lower-order moments—a and <P for constant
density, and a, ~a2, p*a, and p^ for variable density—that are
needed to construct the delta function and canonical pdf
models. The measured pdf is also used to calculate ex-
perimental values of a number of third-order correlations of
interest, such as a.$2. The third-order correlations are also
computed from the model pdf's, and the results compared to
the measurements.

Constant Density Shear Layer Flow
The predictions of the third-order moment ct&2 by the

model are compared to the experimental measurements in Fig.
8. The ordinate of the figure is a/3^odel/a]8fxpt. The abscissa is
the normalized coordinate across the shear layer. The thin
dotted lines show the upper and lower bounds on the third-
order moment. Several choices for the selection of the free
parameter ct3 in the delta function pdf model were explored,
for example, a3 = a, a3 corresponding to minimum entropy
of mixing, a3 at midrange, etc.14 The best results are obtained
for a3 at the middle of the allowed range and these are shown
in the figure along with the predictions for the third-order
moment obtained from the canonical pdf model. It can be
seen that the results of the two models are comparable. The
delta function model, however, is simpler to construct than
the canonical model even when .just two moments are
specified.

Figure 9 compares the model predictions for species in-
termittency or the probability of finding pure species at
various points across the flowfield. The predictions and the
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1.6
Experimental data of Konrad l7
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\

A Canonical P2 mode l \
O a 3 Midrange Typical Eddy model

Fig. 8 Comparison of model predictions and experiments for the
third moment aft2; constant density shear layer.

O a 3 Midrange Typical Eddy model

\\ * Konrad data

Fig. 9 Comparison of model predictions with experiments for the
species intermittency; constant density shear layer.

measurements used a 3% cutoff value, that is, the probability
of the pure species a was taken to be the integral of the pdf
from a= 1 to a = 0.97. The results show that the delta func-
tion pdf model does a somewhat better job of predicting the
species intermittency than the canonical model.

The canonical P2 pdf model and the delta function pdf for
a.3 at midrange value are compared to the experimental pdf in
Fig. 10. The construction of the canonical model required a
significant effort and we expected the model to do better than
it does. The canonical model misses many details of the ex-
perimental pdf and smears out the peaks. The results for the

0
0 .2 I0

-.075
•Canonical P2 pdf model
•as Midrange Typical

Eddy model
17 data

.4 .6

C(N 2 ) —— Konrad11

Probabil i ty density functions

Fig. 10 Comparison of canonical pdf model and delta function pdf
model with measured pdf.

1.6

i .O

.4

— — —Bounds with7, a2 specified

———— Bounds with a", a2, p^a , p* specif ied
— .—a3 Midrange Typical Eddy model

-.12 -.06 .06

y / (x -x 0 )
Fig. 11 Comparison of model predictions with experiments for the
third moment aft2; variable density shear layer.

delta function model show the delta functions at the predicted
locations in the concentration space. The absolute magnitude
of the strengths of the delta functions cannot be directly
plotted on this graph, and we have selected a convenient scale
for depicting the relative strengths of the delta functions. The
strengths and locations of the delta functions seem to follow
the features of the experimental pdf structure. Obviously, due
to the continuous nature of the canonical model, it does better
visually than the delta function model, but the latter is much
simpler to construct and it does a very adequate job of
predicting the higher-order moments and species in-
termittency.
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Variable Density Shear Layer Flow ___
The predictions of the third-order moment a/32 by the delta

function pdf model are compared to the experimental data in
Fig. 11. The canonical pdf model was not computed for this
flow. The dotted lines in the figure show the upper and lower
bounds on the third moment when only two lower-order
moments are used for the model construction. In this case,
a/32 has a broad range of possible values, and some models
within the statistical range can lead to significant errors
compared to the experiment. However, when four lower-
order moments are specified, the model values of a/32 a re
tightly constrained as shown by the solid lines. In the case of
the delta function "typical eddy" model, the solid lines
correspond to the entire valid range of the free parameter a3.
It can be seen that with any choice of «5 within this range, it is
possible to predict a/52 (and other third-order moments) to
better than 10% accuracy. This is significantly better accuracy
than the expected error bounds on experimental
measurements of third-order moments. The delta function
"typical eddy" model can be used to provide even better
accuracy by empirically selecting the parameter a3 at the
middle of its allowed range, as shown in the figure. The third
moment can now be predicted to better than 2% accuracy
across the entire flowfield.

It must be noted that the statistical constraints on the
moments are independent of the pdf model. Any and all
statistically valid pdf models that match the given values for
the lower-order moments will predict values for the third
moment within these same bounds. These other models will
typically be more difficult to construct and may not lead to
significantly better prediction of third-order moments. The
comparison of the canonical and delta function pdf models
for constant density flows discussed earlier illustrated this
very point.

Conclusions
The direct comparison of the delta function "typical eddy"

pdf model for two species with pdf measurements has
demonstrated that this simple model gives adequate
agreement with measurements of higher-order correlations
and species intermittency.

The complete set of statistical constraints on correlations
for two-species flow has been derived. The constraints have
been used to prove that delta functions are a necessary part of
the pdf in order to attain the extremum values of the
moments. A rational pdf composed of a set of delta functions
alone can always be constructed anywhere within the
statistically valid moment space. A pdf of this type, when
constructed using all of the information in a second-order
closure calculation, can predict the higher-order correlations
to better accuracy than they can be measured. Therefore, it
appears unnecessary to construct more complex pdf's for the
purpose of closure of the turbulence equations for mixing
flows.

A number of important statistical constraints for three-
species systems have been derived. These indicate that the
third-order correlations are again quite tightly constrained
and, therefore, it appears likely that the conclusions arrived at
for two-species mixing flows will also be applicable to simple
reacting flows.
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